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We derive an analytical solution to the stress concentration factor ðktÞ for slightly roughened random sur-
faces. Topology is assumed to possess Gaussian distribution of heights and auto correlation length, ACL.
For our development, we combine Gao’s ﬁrst-order perturbation method, the Hilbert transform, and an
energy conservation principal related to the Parseval theorem.The root-mean-square (RMS) value of kt
results in a function of the ratio RMS-roughness to ACL. The derived formula agrees with experimental
results previously reported. The results provide insight for more efﬁcient design.
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It is widely accepted that the ﬁrst quantitative result for stress
concentrations factor ðktÞ was developed by Inglis (1913) and
Anderson (1991), who studied elliptical holes in ﬂat plates. Since
then, kt values have been developed for a smorgasbord of conﬁgu-
rations (Pearson, 1997). Although periodic-discontinuity arrange-
ments have been well studied, rarely continuous-irregularity
cases have been considered. Two exceptions are studies of kt at
slightly perturbed periodic surfaces for a homogeneous elastic
material (Gao, 1991) and for a ﬁlm-substrate system (Vikulina
et al., 2010). In a pioneering work, Gao (1991) employed some elas-
tic Greens functions for a surface considered perfectly ﬂat and trea-
ted the sinusoidal surface as being perturbed from that referential
plane, to develop ﬁrst-order solutions of the stress concentration
factor. Later and as a continuation to Gao’s work, Grekov and
Makarov reported an algorithm that provides any-order approxi-
mation for the single-wave condition (Grekov and Makarov,
2004). However, to the best of our knowledge, no theoretical stud-
ied has been carried out to formulate kt for a surface with random
roughness. Therefore, combining the aforementioned ﬁrst-order
perturbation approach with the Hilbert Transform and the Pars-
eval’s theorem, in this document, we develop an analytical solution
of kt for the case of a slightly roughened random surface. The
motivation of this work is as follows.For instance, solar panels are exposed to a large number of low-
impact-random events which by the central limit theorem lead to a
Gaussian distribution of pit size (Hinderliter et al., 2008; Medina
et al., 2012). The damage level might be small, yet when laminates
of semiconductor layers with different crystal conﬁgurations are
brought together, lattice mismatch causes strain at the interface
thus leading to residual stresses. Reckoning either surfaces as nom-
inally ﬂat or discontinuities as well-deﬁned could be misleading,
mostly when the approximation of a given roughness does not
accurately ﬁt a well-deﬁned conﬁguration or when the scale of
the damage is within certain regime. At best, overestimations of
stress concentrations, although safe, lead to unnecessary increase
of costs. Therefore, it is of interest to understand more accurately
the mechanical effects that random roughness on surfaces poses
on the load-capacity performance of volumes.
In a previous work Medina et al. (2012), we suggested a ﬁrst-or-
der empirical approximation for kt based on experimental results.
In that study, replicates of slightly roughened random surfaces
were designed and realized on a large number of brittle acrylic
specimens using a reported technique (Medina and Hinderliter).
In that model, the surfaces grow linearly from an engineering sur-
face to one whose heights are normally distributed, and which is
autocorrelated with auto correlation length, ACL. In the mentioned
study ACL was varied, in order to portray different sizes of damage
features. The experimental results showed that kt – on discrete
proﬁles perpendicular to the load – was a function of the RMS-
to-ACL ratio, where RMS is the root-mean-square roughness of
the proﬁle at each discrete line (Medina et al., 2012). Herein, we
develop an analytical solution which to a ﬁrst-order approximation
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roughened random surface we ﬁnd that the root-mean-square
value of the distribution of the stress concentration factor, kRMSt is:
kRMSt ¼ 1þ 2
ﬃﬃﬃ
2
p RMS
ACL
ð1Þ
which is to a ﬁrst-order approximation and for RMS ACL. This
result agrees very well with experimental data, as it will be shown,
and with the aforementioned suggested parameter found and
reported in Medina et al. (2012).2. Randomly roughened surfaces
In this section, we present our motivation of using surfaces hav-
ing normal height distribution. Materials are incessantly experi-
encing transformation, both at molecular and macroscopic levels.
The third law of thermodynamics elucidates – among other basic
concepts – that, unless at absolute zero temperature, atomic struc-
tures are intrinsically unstable and therefore prone to change to a
more stable state; nevertheless, for many materials this rate is a
rather unhurried process. Both molecular andmacroscopic changes
can occur as a result of energy input to the material system, intro-
duced through the surface, or boundary, or developed within the
volume of the material. Assuming only through-boundary interac-
tions, it is generally the case that surfaces are more susceptible to
these morphological alterations than the interior part of the mate-
rial. Almost any known natural phenomenon can cause materials
degradation: heat, light, short-wavelength electromagnetic radia-
tion, radioactive emissions, chemicals, mechanical stress and inter-
actions with bacteria, fungi or other life forms. Despite the need for
understanding the fundamental mechanisms of each particular
physical, chemical, biological, etc. degrading phenomenon, the fact
is that they seldom act individually. Instead, they seize the struc-
tural integrity of surfaces by the accumulation of a large number
of small destructive events. Granted, most of these small attacks
are usually of low probability, although the magnitude of the im-
pact would depend on the size of the surface; (consider, for exam-
ple, the comparison of a corrosive attack on a bridge versus the
same attack on a MEMS metallic device). But the build-up effect
of these low-probability events lead to morphological changes on
the surfaces that can be modeled mathematically using the Central
Limit Theorem. Let X1;X2 . . . ;Xn, be a series of variables represent-
ing the size (depth, volume, etc.) of material removed or displaced
as a consequence of respective degrading events, E1; E2 . . . ; En, act-
ing on a surface like the one shown in Fig. 1. In the same manner,
let X01;X
0
2 . . . ;X
0
m, be a set corresponding to synergistic events,
E01; E
0
2 . . . ; E
0
n, that are obtained from the possible combining attacksFig. 1. Cartoon representing some of the different sources of small destructive events
Gaussian-distributed heights (or depths).of two or more Xi. For example, X
0
1 ¼ SCðX1;X2Þ, where the function
SC maps individual events effect into their combined effects. Now,
let us further assume that all Xi’s are random independent vari-
ables. This is a very reasonable assumption; since one expects that
these environmental, damaging attacks often act independently
one from the other. (Even though there are some events that could
be associated with others, yet when the number of independent Ei
is considerably large then this assumption holds reasonably well.)
Then, X0i, are also random variables since the sum and multiplica-
tion of two or more random variables is indeed another random
variable. Now we can apply the Central Limit Theorem to simulate
random degradation, assuming a large number of degrading
events. The Central Limit Theorem (CLT) explains the behavior of
the sum of random variables. Let Z1; . . . ; Zn be random variables
such that Zi ¼ Xi þ X 0i, with sum, S ¼
PN
k¼1Zk, then CLT predicts that
S will have a Gaussian distribution provided that:
(a) Each summand that is not negligible compared to the disper-
sion of the entire sum has a distribution close to Gaussian.
(b) The maximum of the absolute value of the negligible sum-
mands is itself negligible compared to the dispersion of the
sum.
3. First-order perturbation for slightly damaged surfaces
In order to compare our analytical results with those obtained
previously experimentally (Medina et al., 2012), we must consider
a surface for which an inﬁnite number of proﬁles has been demar-
cated along lines that are perpendicular to loading, Fig. 2. Each one
of those proﬁles represent a potential location of fracture when the
surface is exposed to, in this case, a tensile load. We assume no
plastic deformation, which is reasonable for brittle materials (for
example a semiconductor wafer for solar cell applications, or items
made of brittle poly methyl methacrylate). Furthermore, our
assumption implies that the probability of a specimen fracturing
at a given proﬁle is independent from the others. In reality, the
neighboring proﬁles do inﬂuence. In fact, Gao showed theoretically
that for elastic 3-D sinusoidal surfaces there is a relaxation effect
which is a function of the Poisson’s ratio of the material (Gao,
1991). We found a similar behavior using ﬁnite element modeling
(Medina and Hinderliter, 2013). However, for most materials this
relaxation reduces the stress concentration in average to about
8%. Therefore, our assumption is very reasonable, and from now
on we will consider each proﬁle independently.
Now, consider an originally elastic ﬂat surface with conditions
as shown in Fig. 3(a). Then, consider that small amounts of mate-
rial are added or taken in a random manner so that surfacefrom environment on surfaces. Based on the Central Limit Theorem these lead to
Fig. 2. (Left) Random rough surface with portioning lines perpendicular to the
direction of tensile load. (Right) A proﬁle at one the lines of the surface shown in the
left.
Fig. 3. (Top) Original linear elastic ﬂat surface. (Bottom) Random rough surface
produced by adding or subtracting material at each point c along x.
1 Legendre’s transformation and Maxwell’s reciprocal.
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random variable having a Gaussian distribution, with autocorrela-
tion length, ACL. (We can say that the 2-D surface shown in
Fig. 3(b) can represent the proﬁles of Fig. 2.)
After the ﬂat surface has been perturbed, we can deﬁne the
stress and displacements for the rough surface (Tij and ui) in terms
of the reference state values (Trij and u
r
i ) and the perturbed ele-
ments (dTij and dui), as:
Tij ¼ Trij þ dTij
ui ¼ uri þ dui
ð2Þ
In order to solve Eq. (2), we need suitable expressions for the per-
turbed elements, dTij and dui. Actually, since our interest is to ﬁnd
kt then the stress is our main objective.
We formulate our problem by considering that the surface in
Fig. 3 is loaded with tensile stress rt , just as it was carried out in
the experiments in Medina et al. (2012).
For the remainder of this section, we employ the ﬁrst-order per-
turbation method developed by Gao (1991). In the next section, we
will apply these results to derive our particular conﬁguration of
interest. Following Gao (1991) we also consider a concentrated
point force F acting at an arbitrary location ðx; yÞ. The purpose of
using a point force is only to utilize the well-known solution for
the surface stress Green’s function, and the magnitude of F will
be shown to be irrelevant. Since we are considering only linear
elastic materials, the strain energy density (w) is given in terms
of the Stress (Tij) and strain (ij) tensors, and the compliance tensor,
Cijkl, as:
w ¼ 1
2
Tijij ð3Þ
w ¼ 1
2
CijklTijTkl ð4Þ
Along the surface, where the traction vanishes, w becomes:w ¼
1
2E T
2
xx; for plane stress
1m2
2E T
2
xx; for plane strain
(
ð5Þ
where E and m are the modulus of elasticity and Poisson’s ratio,
respectively. Let’s deﬁne E0 as:
E0 ¼ E; for plane stressE
1m2 ; for plane strain
(
ð6Þ
We then differentiate (5) with respect to the point force F and
obtain:
@w
@Fi
¼ Txx
E0
@Txx
@Fi
¼ Txx G
i
xx
E0
ð7Þ
By noticing that,
Gixxðv; x; yÞ ¼
@Txx
@Fi
ð8Þ
is identiﬁed as the surface stress at v due to a concentrated point
force located at ðx; yÞ and acting in the i direction.
Referring again to Figs. 2 and 3, the change in total energy (dP)
has been deﬁned (Gao, 1991) as:
dP ¼ Fiduiðx; yÞ þ
Z 1
1
wdpðvÞdv ð9Þ
The ﬁrst term in the right hand side represents the ith component of
virtual work, performed by the ith component of the point force, Fi,
through a small displacement dui, in that same direction. The sec-
ond term represents the total strain energy due to the addition or
removal of material at each location v, that is due to the perturbed
quantity dpðvÞ at each v. Since P is a state variable, then
Fiduiðx; yÞ ¼ 
Z 1
1
wdpðvÞdv ð10Þ
which after some straightforward manipulation1 can be trans-
formed into:
duiðx; yÞ ¼ 
Z 1
1
@w
@Fi
dpðvÞdv ð11Þ
We now substitute Eq. (7) into Eq. (11):
duiðx; yÞ ¼ 
Z 1
1
Txx
Gixx
E0
dpðvÞdv ð12Þ
For the particular case when there is no concentrated force, the
material is only exposed to the bulk stress, and TF¼0xx ¼ Trxx ¼ r, so
(12) becomes:
duiðx; yÞ ¼  rE0
Z 1
1
GixxdpðvÞdv ð13Þ
The form for the stress variation due to the perturbed material is
obtained by using (13) put into the constitutive equation for an iso-
tropic linear elastic material (for details see Gao, 1991,):
dTijðx; yÞ ¼ r
Z 1
1
G^ijdpðvÞdv ð14Þ
Notice that in (14) G^ij is a tensor representing a kernel function
which can be derived from the Green’s function, Gixx, in the follow-
ing manner:
G^ij ¼ 1E0 l
@Gixx
@xj
þ @G
j
xx
@xi
 !
þ 2lmdij
1 2m
@Gkkk
@xk
" #
ð15Þ
where, in this case, dij is the Kronecker delta, and l is the shear
modulus.
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kernel of Eq. (15), which in turned can be used to ﬁnd the contri-
bution of the stress due to the perturbation. Finally, this perturba-
tion part of stress can be used to ﬁnd the stress increased from the
bulk stress, according to part (a) of Eq. (2).
Extracting the Green’s functions Giij from the point force solutions
for a half-plane from Green and Zerna (1968), Gao derived the ker-
nel in (15), which after is substituted into (14), gives:
dTxxðx; yÞ ¼ r
Z 1
1
2
pðv xÞ2
dpðvÞdv ð16Þ
and (16) can be substituted into (2) with Trij ¼ r, to yield the follow-
ing expression which is applicable to a ﬁrst-order accuracy:
Txx ¼ Tij ¼ r 1þ 2p
Z 1
1
dpðvÞdv
ðv xÞ2
" #
ð17Þ
using The Cauchy’s Principal Value and our deﬁnition of
dpðvÞ ¼ pðvÞ  pðxÞ, the tangential stress component of (17) can
be expressed as:
Txx ¼ r 1þ 2p PV
Z 1
1
dpðvÞ
dv
 
dv
ðv xÞ
2
4
3
5 ð18Þ
We will use (18) in the next section in order to derive an analytical
solution for the stress concentration factor at slightly randomly
roughened surfaces for the 2-D case.
4. Stress concentration at slightly randomly roughened surfaces
The ratio of the tangential stress concentration distribution to
the bulk stress – fromwhich the desired stress concentration factor
will be obtained – can be expressed, from (18), as:
kt ¼ Txxr ¼ 1þ
2
p
PV
Z 1
1
dpðvÞ
dv
 
dv
ðv xÞ
2
4
3
5 ð19Þ
Furthermore, and for convenience, let km ¼ kt  1, which is the ratio
of stress increased locally to bulk stress, then:
km ¼ Txx  rr ¼
2
p
PV
Z 1
1
dpðvÞ
dv
 
dv
ðv xÞ ð20Þ
We now apply the Hilbert transform (HT) to (20). The HT is de-
ﬁned as follows Hahn, 1996:
Hf ðtÞ ¼ ^fðtÞ ¼  1
p
PV
Z 1
1
f ðgÞdg
g t ¼
1
p
PV
Z 1
1
f ðgÞdg
t  g ð21Þ
which is a linear operator that, contrary to Fourier transform, does
not change the domain of the independent variable. At its core,
the HT of a function f is a convolution of f with the distribution
dðtÞ ¼ 1pt, or:
^fðtÞ ¼ ðf  dÞt ¼
Z 1
1
f ðsÞdðt  sÞds ð22Þ
Applying (21) to (20), one obtains:
km ¼ 2H  dpðvÞdv
 
¼ 2H½p0ðvÞ ð23Þ
where again, p represents a continuous, real-valued, random height
having a Gaussian distribution with mean zero, by deﬁnition. We
then make use of the following property which indicates that the
double application of HT leads to the negative of the original
function:
HHf ¼ f ð24ÞApplying HT on both sides of (23), and using (24), yields:
Hkm ¼ 2½p0ðvÞ ð25Þ
Obviously Eq. (25) implies that, as expected, the stress concentra-
tion factor possesses a distribution related in some manner with
the distribution of the slope of the perturbed height. We will pursue
the RMS value of km. In order to do so, let’s square both sides of (25)
and integrate with proper limits:
lim
X!1
1
X
Z X
2
X2
ðHkmÞ2dv ¼ lim
X!1
1
X
Z X
2
X2
ð2½p0ðvÞÞ2
¼ 4lim
X!1
1
X
Z X
2
X2
ð½p0ðvÞÞ2dv ð26Þ
Solving Eq. (26) follows next. We will ﬁrst focus our develop-
ment on the right hand side of (26), and then explore the left hand
side.
It was previously stated that our surfaces were assumed to be
Gaussian, meaning that heights are normally distributed. Thus, fol-
lowing Bennet and Porteus (1961) a relationship between the root-
mean-square slope, the ACL, and the root-mean-square roughness
can be established.The development that follows immediately is
applicable to a 3-D surface, although afterwards it will be applied
to our particular 2-D case. This will be done using an exponential
autocorrelation function of the form:
f ðx; yÞ ¼ s2e
x2þy2
ACL2 ð27Þ
where s is the standard deviation. Eq. (27) has the same form of the
Gaussian ﬁlter used for the generation of the random rough surfaces
for the experimental study (Medina et al., 2012; Medina and Hin-
derliter) against which the theoretical results obtained here will
be compared.
Consider again Fig. 2. Let z be the surface height as a function of
position along the surface. Furthermore, assume that the surface
maintains its properties inﬁnitely. Then the root-mean-square
slope, m2, is deﬁned as:
m2 ¼ lim
X;Y!1
1
X
1
Y
Z X
2
X2
Z Y
2
Y2
@z
@x
 2
dxdy ð28Þ
In (28), it has been assumed that both z2 and @z
@x
 2 are non-inﬁ-
nite everywhere on the surface. Following Bennet and Porteus
(1961) we convert (28) to a proper form for the application of
the Parseval relation, in order to derive the desired relationship
for m2 in terms of RMS and ACL, which involves the Fourier trans-
form of (27).
We initiate our conversion by a change of variables as:
z ¼ zðx; yÞ  gðxÞ  hðyÞ ð29Þ
where gðxÞ and hðyÞ control the behavior of z outside the regions
x 2 ðX=2;X=2Þ and y 2 ðY=2; Y=2Þ.
Now, consider an expression involving the new variable z such
that:
L ¼ lim
X;Y!1
1
X
1
Y
Z 1
1
Z 1
1
@z
@x
 2
dxdy ð30Þ
where L is simply a dummy variable. (Notice the remarkable differ-
ence between (28) and (30).)
Applying the change of variable (29) to expression (30):
L¼ lim
X;Y!1
1
X
1
Y
Z 1
1

Z 1
1
h2ðyÞ @z
@x
 2
g2ðxÞþ2z @z
@x
 
gðxÞdgðxÞ
dx
þ z2 dgðxÞ
dx
 2" #
dxdy
ð31Þ
Fig. 4. 3D plot of RMS-stress concentration factor due to a slightly random
roughened surface as a function of RMS-roughness and auto correlation length
(ACL), as given by Eq. (47).
Fig. 5. Plot of stress ratio versus strain ratio for an undamaged (unabated) surface,
and for a series of surfaces that start as engineering surface (D = 0) to a Gaussian
surface (D = 45). Stress ratio is the ratio of the stress at fracture of any surface to the
stress at fracture of an undamaged specimen.
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;X, and Y, such that:
gðxÞ ¼
X
Xþ
 
x

 þ X2 þ 1	 
; for  ðX=2Þ   < x < X=2
X
Xþ
 
; for jxj < X=2
X
Xþ
 
 x
 þ X2 þ 1	 
; for ðX=2Þ < x < X=2þ 
0; elsewhere
8>>>><
>>>>:
ð32Þ
and,
hðyÞ ¼ 1; for jyj < Y=2
0; for jyj > Y=2

ð33Þ
It can be veriﬁed that using (32) and (33) in (31), L becomes iden-
tical to (28), or:
m2 ¼ lim
X;Y!1
1
X
1
Y
Z 1
1
Z 1
1
@z
@x
 2
dxdy ð34Þ
which by Parseval’s theorem becomes:
m2 ¼ lim
X;Y!1
1
X
1
Y
Z 1
1
Z 1
1
F
@z
@x
 
ðv;wÞ
 2
dv dw ð35Þ
where F indicates the Fourier transform. Additionally, by expanding
z ¼ F1½FðzÞ, it can be extracted that:
F
@z
@x
 
ðv;wÞ
 
¼ 2pivFðzÞðv ;wÞ ð36Þ
Substituting (36) into (35)
m2 ¼ lim
X;Y!1
1
X
1
Y
ð4p2Þ
Z 1
1
Z 1
1
v2½FðzÞðv ;wÞ2dv dw ð37Þ
Let’s analyse the integrand of (37). The term v2 yields both the sec-
ond moment with respect to v and the zeroth moment with respect
to w. Additionally, the term ½FðzÞðv ;wÞ2 yields the Fourier trans-
form of correlation of the modiﬁed random function z with itself;
or, better said, the FT of the autocorrelation function of
z  F½ACFðzÞ. Thus, if we callM2v , the second moment with respect
to v, and M0w, the zeroth moment with respect to w, then m2 can be
expressed in terms of the F½ACFðzÞ, as:
m2 ¼ ð4p2ÞM2vM0wF½ACFðzÞ ð38Þ
Using the ACF given in (27), and substituting it in (38), it yields:
m2 ¼ ð4p2Þ
Z 1
1
Z 1
1
v2 s2pðACLÞ2ep2ðACLÞ2ðv2þw2Þ
h i
dv dw ð39Þ
which after integration yields:
m2 ¼ 2 s
ACL
 2
ð40Þ
The root-mean-square slope obtained in (40) is used in Eq. (26). By
using the RMS-roughness of the surface, instead of the standard
deviation in (40), we get the following expression:
lim
X!1
1
X
Z X
2
X2
ðHkmÞ2dv ¼ 8 RMSACL
 2
ð41Þ
Now we focus on the left hand side of Eq. (41). The following prop-
erty that relates the HT with FT is used:
ðFHf ÞðxÞ ¼ isgnðxÞðFf ÞðxÞ ð42Þ
which we apply to the left hand side of (41) and get:lim
X!1
1
X
Z X
2
X2
ðHkmÞ2dv ¼ lim
X!1
1
X

Z X
2
X2
ðF1ðiSgnðxÞðFkmÞðxÞÞÞ2dv ð43Þ
where SgnðxÞ is the signum function:
SgnðxÞ ¼
1; for x > 0
0; for x ¼ 0
1; for x < 0
8><
>: ð44Þ
and F1 stands for the Inverse Fourier Transform. In order to apply
energy conservation principles to (43) integration must be modiﬁed
to the interval ð1;1Þ. Here we make two reasonable assump-
tions: that the roughened area (RA) X=2;X=2 is ﬁnite, and that
the integrand in (43) vanishes everywhere outside RA. With that
said, we now notice that (42) implies that there is a shift change
of 90 to every positive frequency, and a shift of 90 to every neg-
ative frequency. The total effects of those shifts raised to the power
of two in the interval ð1; 1Þ cancels out. This also agrees with the
Titchmarsh formulas of the Parseval type (Titchmarsh, 1925).
Therefore, (43) can be expressed as:
lim
X!1
1
X
Z X
2
X2
ðF1ðiSgnðxÞðFkmÞðxÞÞÞ2dv ¼ lim
X!1
1
X
Z X
2
X2
ðkmÞ2dv ð45Þ
And noticing that the left hand side of (45) is simply the deﬁnition
of the squared of the RMS value, we get:
Fig. 6. Plot of Pearsons correlation factor of fracture density versus roughness, as the surface progresses to Gaussian. ACL = 10 and 90 lm.
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X!1
1
X
Z X
2
X2
ðkmÞ2dv ¼ ðkRMSm Þ
2 ð46Þ
Now, we can couple this result with the left hand side of Eq. (41)
and get:
kRMSt ¼ 1þ 2
ﬃﬃﬃ
2
p RMS
ACL
ð47Þ
Recalling that km þ 1 ¼ kt . This completes our derivation.
5. Discussion
The RMS stress concentration factor Eq. (47) shows some inter-
esting results which explain the experimental results reported in
Medina et al. (2012), which will be discussed in this section. (For
additional information about the experimental set up anddetail def-
inition of parameters, refer to the cited reference.) The direct depen-
dence of kRMS on RMS roughness of the surface implies that the latter
can be seen as an ‘‘equivalent depth’’ of an equivalent single-notch
conﬁguration. This is similar to Neuber’s equivalent depth for the
periodic-discrete-notch case (Neuber et al., 1958). Additionally,
since Eq. (47) was derived for conditions such that RMS=ACL 1,
then kRMSt is expected to be relatively low. For example,
RMS=ACL ¼ 0:2 would signify a kRMSt ¼ 1:57; while for
RMS=ACL ¼ 0:1; kRMSt ¼ 1:28. In Medina et al. (2012) proﬁle’s
RMS-roughness values were produced in the range of about 0.1–
2.0 lm, and the autocorrelation length was varied from 10 to
90 lm. Fig. 4 shows a 3-dimensional plot based on the formula of
(47). As it is shown, kt does not change signiﬁcantly which means
that the stress at fracture of a roughened surface – with the pre-
scribed conditions – would not signiﬁcantly differ from that of a
nominally ﬂat specimen. Fig. 5 shows a plot, from experimental
tests, of stress at fracture ratio (ratio of stress at fracture of a rough-
ened surface to that of a nominally ﬂat one) versus strain at fracture
ratio. As it can be observed, the stress at fracture does not vary sig-
niﬁcantly which corroborates what is predicted by Eq. (47).
Additionally, kt  1 shows an inverse proportionality to ACL.
This behavior can be understood by noticing that ACL is the ex-
pected distance between damaged features on the surface (or pro-
ﬁle). The closer to one another these features are the narrower the
islands or tendons become. In turn, the narrower the tendons the
higher the stress concentrates. Fig. 6 shows plots of the Pearson’s
correlation between the fracture location probability – the proba-
bility that fracture will occur at certain proﬁle perpendicular to
the load – and the factor kRMSt as the system goes from an engineer-
ing surface (characterized by having no peaks) to a surface whoseheights are normally distributed (a.k.a., Gaussian surface). Note in
Fig. 6 the two values of ACL ¼ 10;90. As predicted by Eq. (47), it
takes much more roughness to weaken the proﬁle that possesses
larger ACL values. This is evident by noticing that despite both con-
ditions (ACL ¼ 10 and 90) reaching Gaussian distribution as the
level of degradation (D) increases (Medina et al., 2012), yet, in
the case of ACL ¼ 90; kt is too small – as predicted by (47) – to
weaken the material at the proﬁles, thus keeping the process
somewhat stochastic still.
Additionally, comparing to Gao’s result for periodic sinusoidal
slight surfaces (Gao, 1991), it is observed that for random rough
proﬁles – having heights normally distributed – tend to relax much
more than the former. For example, a sinusoidal proﬁle with
amplitude-to-wavelength ratio equal to the ratio RMS=ACL will
result in a much higher stress concentration than for the random
proﬁle case. If RMS=ACL ¼ A=k ¼ 0:1, for example, then
kRMSt ¼ 2:26, for the periodic case, but only kRMSt ¼ 1:28, for the
random situation.
6. Conclusions
We have derived an analytical solution for the stress concentra-
tion factor (kt) for surfaces having randomly slight damage. Surface
topology was assumed to possess Gaussian distribution of heights
and auto correlation length, ACL.For our development, we combine
Gao’s ﬁrst-order perturbation method, the Hilbert transform, and
an energy conservation principle that connects the Hilbert trans-
form with Parseval’s theorem.The RMS stress concentration factor,
kRMSt results in a function of the ratio RMS-roughness to ACL. This
equation is limited to RMS=ACL 1 and it is accurate to ﬁrst-order.
Interestingly, this equation turns out to be of similar form to the
maximum value of kt obtained by Gao for undulating surfaces
(Gao, 1991) (provided that one thinks of the amplitude of the wave
as the vertical dimension, and of the wavelength as the horizontal
dimension).
The result of (47) predict that degrading mechanisms that cause
relatively small – compared to overall dimensions – defect features
on surfaces tend to compromise the load-carrying capacity of vol-
umes more than larger features do (provided that there is insufﬁ-
cient plastic potential to absorb the stress concentration); In
other words, the smaller the defect pit size the less increase of sur-
face roughness it is required to weaken a part.
Additionally, coupling equation (47) with the experimental re-
sults shown in Medina et al. (2012) infers that slight roughness
possessing Gaussian distribution do not signiﬁcantly increase the
stress concentration on surfaces. This latter conclusion can serve
2018 H. Medina, B. Hinderliter / International Journal of Solids and Structures 51 (2014) 2012–2018to decrease design costs by readjusting safety envelopes for sur-
faces that possess or might end up possessing random roughened
conditions during operational lifetime.
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